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Abstract

Traditional matching theory, and its canonical stability notion, assumes
that agents can freely and costlessly switch partners. Without switching
costs, large matching markets have a small number of stable matchings.
In reality, however, switching partners is often costly: in labor markets,
employees may need to move; in marriage markets, divorce frequently car-
ries financial and emotional burdens. We study the impacts of switching
costs and find that they can dramatically expand the set of stable match-
ings, even in large markets, and with vanishingly small costs. We precisely
characterize the threshold of switching costs that triggers transformative
expansion: an explosion in the number of stable matchings. From a market
design perspective, accounting for switching costs, stability allows for sig-
nificantly more room for policy interventions than previously thought. Our
results provide insights into competitive forces in markets with imbalances

between supply and demand.
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1 Introduction

1.1 Overview

Stability is a central notion for two-sided matching markets. It is defined by the absence
of blocking pairs—pairs of market participants who prefer each other over their current
partners ( , ). The core idea is that some participants may profitably
deviate and circumvent the unstable matching in place by forming blocking pairs. Implicit
is the assumption that participants can leave their partners and switch to better ones at no
cost. In practice, however, participants may encounter hurdles that preclude the formation
of certain blocking pairs. Specifically, switching partners may entail non-trivial costs, arising
from various sources: contractual obligations or reputational concerns in labor markets, legal
and financial responsibilities or the presence of children in marriage, or psychological factors
such as guilt, social pressures, and inertia, just to name a few. Despite the prevalence of
switching costs, our understanding of their effects remains limited. In this paper, we study
the impacts of switching costs on market outcomes. We introduce a new notion of stability
accounting for such costs and analyze its implications. As we show, the presence of even
small switching costs can dramatically alter predictions.

Our notion of stability with switching costs, which we refer to as e-stability, is a natural
extension of the traditional concept of stability. Namely, an agent who is matched would be
willing to switch and match with another partner only if the benefits of the switch outweigh
€, the switching cost. We study the effects of switching costs in matching markets, using
a random markets framework. For balanced markets, with equal numbers of participants
on both sides, we provide a sharp characterization of the threshold switching cost—as a
function of the market size—beyond which the expected number of stable matchings expands
dramatically (Theorem 1), a phenomenon we call the “explosion of the core.” In particular,
this threshold vanishes as the market size grows, suggesting that even minute switching costs
may result in a significant increase of plausible stable outcomes. Notably, the same explosion,
with the same vanishing threshold, holds uniformly across imbalanced markets (Theorem 2),
providing a different angle on the now-conventional belief that even minimally imbalanced
( ) ), or large ( : ), markets tend
to have a small set of stable outcomes. Through computational experiments leveraging a

link between our model and integer programming, we show that even in small imbalanced

!The significance of this framework for studying matching markets is highlighted by the 2023 SIGecom
Test of Time Award won by ( ) and ( ).



markets with small switching costs, multiplicity can be substantial, manifesting in many
participants having significantly different partners across e-stable matchings. We illustrate
that our model is flexible to examine other aspects of interest, highlighting its role as a
valuable benchmark.

Altogether, our results emphasize the relevance of switching costs in shaping market
outcomes. Even small switching costs can significantly expand the set of plausible outcomes,
introducing new forms of stability and fairness. This expansion suggests that switching costs
may potentially serve as a useful tool in market design, enabling the targeting of outcomes
that would otherwise be unattainable. Additionally, our findings uncover a possible challenge
for empirical studies of decentralized markets that rely on the stability of realized outcomes,

assuming a perfectly frictionless environment.

Model We consider a standard model of two-sided matching markets with cardinal utili-
ties.” Cardinal utilities are needed in order to introduce switching costs. The model consists
of n agents on the “short” side of the market, which we refer to as firms; and n + k agents
on the “long” side, referred to as workers. Here, the non-negative integer k£ quantifies the
degree of market imbalance. Preferences of firms over workers, as well as those of workers
over firms, are represented by utilities.

Our analysis centers on the concept of e-stability. When there are no switching costs,
e = 0, e-stability corresponds to the standard notion of stability in matching theory. Our
notion relates to concepts of approximate stability—these weakenings are commonly em-
ployed to establish the existence of “almost stable” outcomes when achieving exact stability
is problematic.” On a more abstract level, e-stability is reminiscent of e-equilibria, in which

no agent can improve by more than €; see ( ) and references therein.

Random Markets We consider a cardinal extension of the classical model of random
matching markets. The classical model is generated by drawing a complete preference list

for each firm, and each worker, independently and uniformly at random. Since its intro-

duction ( , ; , ), this framework has established itself as a fundamental
2A large body of literature examines matching settings in which participants’ preferences are cardinal,
including decentralized matching (e.g., , ; , ),
centralized matching (e.g., , ; , ), assignment problems (e.g.,
, ; , ), and others.
3For instance, see ( ), ( ), and
( ). Addltlonally7 approximate stability has been studied from a computational perspective; see
( ) and ( ), along with references there.



methodological tool for exploring matching markets; for a recent survey, see ( ).

We model utility values using a natural value distribution that is widely applied in the
literature. Specifically, the utility an agent receives when matched with an agent from the
other side is drawn independently from an exponential distribution. In our model, the
exponential distribution captures the intuitive idea that agents can more easily differentiate
between their higher-ranked partners than those ranked lower on their list. In a later section,
we demonstrate that our results translate to scenarios where agents find it less easy to
distinguish between their higher-ranked partners, revealing additional patterns that emerge
in such cases. Aside from our model, the exponential distribution has been extensively
employed to represent individual valuations and utilities in many economic domains, such
as auctions, finance, marketing, matching theory, and operations research, among others.
Moreover, the exponential distribution is often used to capture preferences in empirical
settings; for instance, see ( ), ( ), and

(201%).

Another notable advantage of working with the exponential distribution is that it renders
our model tractable and amenable to analysis. Since we deal with e-stability, tractability
is a significant challenge. To the best of our knowledge, no general structural results exist
for e-stable matchings—it is known that stable matchings are e-stable, but not much more.
When there are no switching costs, the set of stable matchings has a very useful lattice
structure, but there are no analogous results for e-stable matchings. Yet, our approach offers

a tractable framework for investigating their features, making it an ideal benchmark model.

Main Findings We show that switching costs have dramatic implications for matching
markets. Switching costs translate into an abundance of stable matchings, even in large
imbalanced markets, and even when these costs are very small. Our results contrast with
the (by now) conventional view that even minimally imbalanced markets, or large markets,
exhibit a small core; that is, they give rise to a very limited set of stable outcomes.

In our main results, we provide a sharp characterization of the critical threshold for

4More broadly, the random markets framework echoes approaches used in other economic settings. A no-
table example is voting, where random preference profiles are commonly employed to estimate the likelihood

of paradoxes and evaluate voting rules; see ( ) and references therein. In game theory,
there is a long tradition of using random profiles to study the properties of games and solution concepts; for
instance, see ( ), ( ), and references cited within.
For examples of studies in different domains, see ( ), ( ), and
( ) for auctions; ( ) and ( ) for finance
and operations research; and ( ), ( ),
( )s ( ), and ( ) for matching.



switching costs, beyond which the number of e-stable matchings expands drastically. Con-
sider first a sequence of balanced random markets, with n firms and n workers.” The behavior
of the set of stable matchings depends on the magnitude of switching costs € = ¢(n), as a
function of market size n, where larger costs lead to larger cores. Theorem | delineates the
transformative regime change for the core, through two separate cases. We show that, when
costs vanish at least as fast as logn/n, the expected number of e-stable matchings can be
sizable while still remaining within bounds similar to those when no costs are present (Propo-
sition 1). In particular, this number can be larger than e~'nlogn, the approximate expected
number of stable matchings without switching costs ( , ), but it remains polyno-
mially large. Importantly, the behavior shifts dramatically when e surpasses the logn/n
threshold: the set of e-stable matchings explodes. The number of e-stable matchings surges
faster than any polynomial function of n (Proposition 2).

Theorem 2 shows that switching costs crucially alter the predictions about core size in
imbalanced markets. When switching costs are absent, even the slightest imbalance in large
markets makes the core immediately collapse. In contrast, we demonstrate that even minimal
switching costs result in a vast number of stable matchings. Specifically, consider markets
with n firms and n + k workers, where & = k(n) > 1 is an arbitrary market imbalance.
We prove that the same critical threshold, logn/n, applies uniformly across all possible
imbalances k = k(n). Thus, the critical switching cost threshold that triggers the expansion
of the core remains consistent, regardless of market imbalance.

Notably, the explosion in the number of stable matchings occurs, even when switching
costs are vanishingly small. Indeed, the critical threshold logn/n goes to zero as the market
grows. Our results imply that, even in nearly frictionless imbalanced markets, a huge number
of stable matchings may arise.

Figure | illustrates our findings, and shows that our large market results kick in at
moderate market sizes. It demonstrates that the set of stable matchings expands significantly,
even in relatively small markets with small switching costs. The market size of n = 34 in our
simulations is due to computational constraints.” Switching costs of € = 0.06 and € = 0.12 are
selected to lie below, and (respectively) slightly above, the reference value of logn/n &~ 0.10.

These costs are small compared to the average utility of 1—corresponding to the mean of

SFor expositional simplicity, suppose that utilities are drawn from the standard exponential distribution.
Our analysis is more general, and particularly applies to cases where agents encounter consistent “relative”
switching costs.

"This analysis becomes computationally feasible because of a connection we establish to integer program-
ming, discussed in more detail later. We employ 1,000 simulations for each market size.



the standard exponential distribution used for this exercise. Despite these small switching
costs, the core is large across all imbalances, contrasting with the collapsed core in a no-cost

scenario for imbalanced markets.
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Aside from illustrating our results for the number of stable matchings, the simulations
serve to exhibit some additional patterns of interest in the presence of switching costs. We
demonstrate that, even in small imbalanced markets with small switching costs, the expanded
core involves a substantial fraction of agents experiencing significantly different outcomes
across e-stable matchings. Additionally, while these matchings still pair n firms with n
workers, workers may be matched in one e-stable matching but unmatched in another, and
vice versa. This stands in contrast to the no-cost setting, where the Rural Hospital Theorem
( , ) states that the set of matched agents is the same in any stable
matching, lending an air of inevitability to stability.

Our results have implications for the consequences of market imbalance, and the resulting
effects of competitive pressure. Without switching costs, competition arising from even
minimal imbalances yields an essentially unique stable matching (

, ); for large imbalances, literally one stable matching remains ( , ).
This uniqueness leaves, effectively, no room for luck or disagreement among participants
about who is matched with whom. With even small switching costs, the core might expand,

bringing indeterminacy.



Implications Taken together, our results highlight the importance of accounting for switch-
ing costs, even in markets that appear frictionless. Even small switching costs can lead to a
notable expansion of plausible matching outcomes, introducing indeterminacy into the pro-
cess. Agents may experience significantly different outcomes across e-stable matchings—or
compared to a scenario without costs—including the phenomenon of being matched in some
outcomes and unmatched in others. These discrepancies could potentially translate into
distinct and diverging long-term outcomes for agents, similar to those documented in the
labor economics literature on how initial job placements affect future career trajectories; for
example, see ( ) and ( ).

Switching costs may serve as a valuable tool in market design. Abstracting away from
implementation concerns, switching costs can offer a useful instrument for targeting cer-
tain outcomes for specific groups of market participants, influencing who gets matched with
whom, determining who gets matched or remains unmatched, and addressing various dis-
tributional concerns (e.g., , ), among others. In practice, the designed
structure of switching costs may be more nuanced, applying differently to participants.

Switching costs can shape perceptions of fairness in matching markets. Stability is often
interpreted not only as a solution concept but also as a fairness notion.” In a particular
sense, the notion of e-stability delineates these two interpretations. When switching costs
are small, e-stability can still be seen as a fairness condition—market participants may have
only a minimal amount, if any, of justified envy. Our results translate into the significant
expansion of fair outcomes and introduce new perspectives on fairness. However, with larger
switching costs, e-stable matchings may no longer be considered approximately fair.

Our results reveal a potential challenge for empirical studies on matching markets. A
growing body of empirical literature uses the stability of realized matches as an identification

assumption to infer preferences in decentralized settings, abstracting away from frictions; see

8Even in markets relying on a stable centralized clearinghouse, switching costs—imposed through re-
strictions or penalties—are often used to solidify the implemented stable matching, further discouraging
post-match mobility and preventing unraveling. In the medical match, for example, trainees face various
barriers to transferring, such as needing approval from their current program director. While these switching
costs effectively encourage participants to stay, it may be worth exploring how this objective balances with
other considerations. For instance, incentives for organizations to improve practices, participants’ long-term
satisfaction with their match or profession as preferences and market conditions evolve, and decisions to

leave the market altogether ( , ).
9In the school choice context, stability corresponds to elimination of justified envy and is also regarded
as a normative fairness criterion ( ; , ).

190n a more speculative note, switching costs could serve as a quantitative measure of unfairness—given
an outcome, one could assess fairness by examining a certain measure of the costs required to make this
outcome stable. Larger measures would indicate less fair outcomes.



the surveys by ( ), ( ), and ( ).
However, our findings indicate that even small switching costs may cause realized matches
to differ from those expected in a hypothetical frictionless environment. Although exact
stability is an appealing structural assumption, additional attention to verifying the presence
and impact of switching costs may benefit empirical work by helping to avoid possible biases

in preference estimates.

Methodological Contributions We introduce a general framework to study the effects
of switching costs in matching markets. Our framework allows us to derive integral formulas
for key variables of interest, building on ideas that go back to ( ). These formulas
are crucial for tractability and pave the way for precise analysis of e-stable matchings, despite
the absence of general results about their structure. To establish our main results, we develop
techniques inspired by recent methods of ( ). In later sections, we briefly discuss
additional questions that our model enables us to explore, which are part of our ongoing
research. Furthermore, our framework is versatile and can be applied to study the impacts
of switching costs in other matching settings, including one-sided markets.

Somewhat relatedly, there has been a quest, yet unresolved, to find a tractable model of
random matching markets with ties. Most of the matching literature assumes that agents
are never indifferent between any two partners. In practice, however, ties in preferences are
widespread; see ( ) and references therein. In a certain sense, our notion
of e-stability suggests that two partners are “incomparable” for an agent if their utilities differ
by at most the switching cost e. This incomparability induces a tolerance relation—a reflexive
and symmetric binary relation—that violates transitivity, unlike indifference satisfying all
three conditions. Thus, our random matching model can serve as a more nuanced version of
one with ties, where € captures the degree of incomparability among potential partners.

The integral-based approach is nevertheless not omnipotent. Technically, for standard
stable matchings, certain nuanced questions call for deeper structural tools—such as rejection
chains in the Deferred Acceptance algorithm ( , ; ,

) or rotations ( ) )—which are grounded in the lattice structure
unique to these matchings.

This raises the question: how do we even manage to calculate the number of e-stable
matchings to generate Figure 17 We show that e-stable matchings can be obtained as
the integer solutions of a specific system of linear inequalities—this system parallels that

introduced by ( ) for traditional stability. For our simulations, we employ



integer programming to investigate the expanded set of stable matchings.

1.2 Related Literature

Our work belongs to the extensive literature on matching markets, which originates from the

pioneering work of ( ) on stable matching. This literature has since

evolved into a rich, multi-faceted, and interdisciplinary field, leading to many fundamental

results and successful applications. For further details, see ( ) and
(2029).

We examine stability, in the context of switching costs, within a random markets frame-
work. This framework stems from ( ) and ( ) and has become a leading
methodological approach for understanding the key features of general matching markets
( , ). Our paper relates to studies investigating the structure of stable match-
ings. An important recent finding is that even slight market imbalances not only confer a
substantial advantage to agents on the short side but also cause the set of stable matchings
to collapse, leading to an essentially unique stable matching ( ,

; , )."" We contribute by developing a benchmark model of markets with
switching costs, introducing a relevant applied dimension and revealing novel patterns. In
particular, we identify cost regimes under which nearly frictionless markets, with vanishingly
small costs, exhibit numerous stable matchings.

Our stability notion resembles approximate solution concepts employed in various do-
mains. More permissible stability notions are utilized in contexts where traditional stable

outcomes do not exist or where exact stability is incompatible with other desiderata; see

(2005), (2019), (2021),

and ( ) for examples. Moreover, in computer science, approximate stability—
conceptually similar to approximate equilibria in game theory ( , )—can pro-
vide computational advantages; see ( ) and

( ), and discussion there. Shifting the focus to the practical implications of switching

costs, we examine their effect on the set and structure of stable matchings.

HMotivated by the length restrictions on rank order lists in centralized markets ( ,
), ( ) and ( ) show that random markets with short,
constant-sized, preference lists generate a small core, theoretically suggesting limited scope for manipulation
in such markets. Nonetheless, this short list assumption generates many unmatched agents (Lce, ), see
also ( ). Additionally, there is growing evidence that reported preferences might
differ significantly from truthful ones; see ( ), ( ),
( ), and references therein. Several recent papers suggest that cores may be large in certain settings
with specific preference structures ( , ; , ; , ).



Starting with ( ), several papers have examined stable matchings in
matching markets—having ordinal preferences by default—through the lens of linear pro-
gramming; for instance, see ( ) and

( )."” In a similar vein, we introduce a system of linear inequalities to analyze
stable matchings in markets with cardinal preferences and switching costs.

Though less directly related, there is a recent and growing body of literature, both
in economics and computer science, that explores various questions related to robustness

in matching markets. For example, robust stable solutions in the presence of incomplete

information about preferences ( , ), stable outcomes tolerant to certain errors
( ; ; : ; : ), and “locally
stable” stable matchings ( : ), to name just a few.

2 The Model

2.1 Basic Definitions

A two-sided matching market consists of a set of n firms F = {f;}icjn, where [n] =
{1,2,...,n}; a set of n + k workers W = {w;}cpmir; and a profile of match utilities
{u{j, Ui} (i jyemlx[ntk)- For each pair (1, ), ufj is firm f;’s utility from matching with worker
w; and w;} is worker w;’s utility from matching with firm f;. Throughout, we consider mar-
kets where all worker-firm pairs are mutually acceptable; that is, every agent prefers to be
matched over remaining single. In addition, we focus on k > 0, unless stated otherwise, and
refer to k as the imbalance.

A matching is a one-to-one function p : FUW — FUW that (i) assigns to each firm f;
either a worker or herself, p(f;) € WU {f;}; (ii) assigns to each worker w; either a firm or
himself, u(w;) € F U {w,}; (iii) is of order two, i.e, u(f;) = w; if and only if p(w;) = fi. To
simplify notation, we often denote p(i) = j and p(j) = i whenever u(f;) = w,.

Consider an arbitrary matching p and some f; and w; that are not matched to one

another at p, i.e., (i) # 7. The pair (f;,w;) is said to form an e-blocking pair if (i) f; is
f

single or e-prefers w; over her partner under y, meaning that u; ; > uzu(i) +¢€; and (ii) w; is

12This line of work has also led to various stability notions for so-called fractional, or non-integral, match-
ings ( ) )-

I3For convenience, we label the two sides as firms and workers. In practice, they may correspond to doctors
and hospitals, students and colleges, teachers and schools, men and women, actual firms and workers for
labor markets with fixed wages (e.g., government and union jobs, see , ), or any other
matching setting with no or limited transfers.



Z)(j),j + €. A matching is e-stable if it has no e-blocking

pairs. For convenience, we often refer to e—which is assumed to be non-negative—as the

single or e-prefers f;, that is, u}"; > u

switching cost.
An e-stable matching always exists. Specifically, a stable matching exists (

) ), and any such matching is also e-stable. Since single agents do not incur
switching costs when forming an e-blocking pair, all n firms are matched in any e-stable
matching.”" Moreover, the concepts of stability and e-stability coincide when € = 0.

Switching costs stem from a wide range of factors: financial, legal, emotional, or behav-
ioral, such as status quo bias. For instance, in labor markets, even breaching an informal
agreement may bring reputational damage; in relationships, ending a partnership can involve
both emotional and bureaucratic challenges. Even small costs may deter market participants
from pursuing certain otherwise beneficial deviations.

The following example illustrates the relevant concepts in our model.

Example 1. Consider a market with two firms and three workers. The following matrix

provides a convenient representation of the agents’ utilities:

w1 wWo Ws
il 2,1 1,2 1.01,1
f>\1992 2.1 1,2 /)
In this matrix, each row ¢ corresponds to firm f;, and each column j corresponds to worker

w;. Each (i, j)-entry specifies the utilities (u{], ugy) for f; and wy, respectively, when they are
matched with each other.

Suppose first that there are no switching costs, meaning € = 0. If worker w3 were absent,
the resulting balanced market would have two stable matchings: one matching f; with w;
and the other matching f; with w;, where ¢ = 1,2 and j = 3 — <. However, ws is present,
introducing market imbalance, and causing the core to collapse to a unique matching.

The unique stable matching is the “diagonal” matching yu,, where u,(z) =i for i = 1, 2.
On the one hand, when ws is present, there are more candidate matchings for stability: (g)Q!
matchings where 2 firms are paired with 2 of the 3 workers, compared to 2! in the absence
of ws. On the other hand, each candidate matching faces stricter stability restrictions due
to the added competition among workers. Specifically, every firm must prefer her assigned

partner to the unmatched, “outside-option” worker. For instance, matching p,, which pairs

141f single agents were prevented from forming matches, stable matchings could include unmatched firms,
adding less meaningful forms of multiplicity.

10



fi with w; where j = 3 — 4, is not stable because (fi,ws) forms a blocking pair: f; slightly
prefers w3 over ws, that is, 1.01 = u{yS > u{yQ = 1. Similarly, no matching pu # pq, o
can be stable. In fact, this latter observation follows directly from the lattice structure,
particularly the Rural Hospital Theorem ( , ) requiring the set of
matched workers—here, w; and wy—+to remain the same across all stable matchings.

The number of e-stable matchings “explodes” at the switching cost € = 0.01. The original
stable matching, p,, is e-stable. Additionally, u, becomes e-stable: although f; slightly
prefers w3 over wsy, the marginal benefit of switching does not outweigh the switching cost.
Furthermore, matching p4, which pairs f; with ws and f, with w;, is also e-stable. Note

that, in the example, there is no lattice structure on the set of e-stable matchings. A

2.2 Random Markets

To assess the impact of switching costs, we consider markets with random cardinal utilities.

A random market is a matching market in which the utilities U = {Ug i Uff}}ie[n],je[mk]
for matches between firms and workers are drawn independently from the exponential distri-
bution Exp (A). Here, Exp (\) represents the exponential distribution with parameter A > 0,
which has the mean E[Exp (A\)] = 1/X. We use capital letters to denote random variables
and small letters for their realizations.

Within this framework, we introduce relative switching costs, which represent the barriers
to changing partners. The parameter A captures the magnitude of potential match utilities.
Specifically, smaller values of A correspond to greater variability in utilities and a higher
average utility of 1/A. By scaling the cost € by 1/, we define the relative switching cost as
e\, which measures these barriers in relation to the average match utility, independent of
the absolute scale of utilities.

Our benchmark model builds on the canonical random market framework with ordinal
preferences. When switching costs are absent, stability hinges on ordinal comparisons alone.
Thus, our setting coincides with the canonical model, where agents’ strict ordinal preference
lists are determined uniformly at random ( , )—these rankings may reflect specific
geographical preferences, personal fit, family constraints, connections, and other factors.

Cardinal match utilities allow for more expressive preferences.

15Qur analysis remains unchanged if agents face different switching costs and have utilities that are arbi-
trary positive affine transformations of the exponential distribution, provided their relative costs are consis-
tent. Similar qualitative results hold if agents have varying relative costs.

6Random match utilities effectively induce strict preference rankings, as any indifferences that may arise
occur with measure zero.

11



The exponential distribution, as highlighted in the introduction, is widely employed to
model utilities across various applications. In the context of matching, it captures a natural
scenario in which agents can more readily differentiate their higher-ranked partners, with
such distinctions becoming less pronounced for those partners they view less favorably. In
addition, this distribution brings tractability and flexibility to our model. In Section 1,
we consider an alternative distribution corresponding to a complementary scenario where
higher-ranked partners are less easily differentiated; this reinforces our insights and uncovers
additional phenomena arising when agents are more replaceable.

In the next section, we present the main results using a sequence of random markets
defined as

(Fos Wa,Un), n>1,

where the n-th random market consists of n firms and n + k workers, with k£ = k(n) > 0.

Below, we provide some additional notation.

Asymptotic Notations We write f(n) = O(g(n)) as n — oo if limsup,,_,.. f(n)/g(n) <
oo, and f(n) = o(g(n)) if limsup,,_,., f(n)/g(n) = 0. In addition, f(n) = Q(g(n)) holds if
g(n) = O(f(n)), and f(n) = w(g(n)) if g(n) = o(f(n)). Furthermore, f(n) = O(g(n)) as
n — oo if both f(n) = O(g(n)) and g(n) = O(f(n)). The above limit definitions assume
g(n) > 0 for sufficiently large n.

Finally, f(n) is polynomially large if f(n) = O(n?) for some constant d > 0. In contrast,
f(n) is super-polynomially large if for every constant d > 0, f(n) = w(n?). Super-polynomial

growth is regarded as very fast, exceeding the rate of any polynomial function.

3 Explosion of the Core

In this section, we present and discuss our main theoretical results, demonstrating how the
presence of switching costs can significantly expand the set of stable outcomes in matching
markets. Specifically, we identify a sharp threshold for switching costs beyond which the
set of e-stable matchings increases dramatically. Notably, this expansion occurs across both
balanced and imbalanced markets, even when switching costs vanish as the market size
grows. These results stand in contrast to the conventional belief that imbalanced, or large,
markets tend to have a small number of stable matchings.

To formalize our analysis and state the results, let S¢(n,n + k) denote the number of

e-stable matchings in a market with n firms and n + k£ workers. For simplicity, we omit the

12



explicit dependence on the parameter A > 0, whenever it does not cause confusion. Then,

Lemma 1. Consider a random market with n firms and (n + k) workers for arbitrary im-
balance k > 0 and costs € > 0. Then,

1. E[S(n,n + k)] is a function of the relative switching cost e\ = €/ E[Ezp (\)];
2. E[S¢(n,n+ k)] is strictly increasing in €.

Intuitively, the expected number of stable matchings is driven by the interplay between
utilities and switching costs, which is effectively captured by a single parameter—relative
costs. As these relative costs increase, agents become less willing to switch, leading to a
greater variety of stable outcomes. We later provide an exact formula for this expectation.

In what follows, we characterize the impact of relative costs on the size of the core, i.e.,

the set of stable matchings. Section sketches the arguments underlying our results.

Balanced Markets Consider first balanced markets with n firms and n workers and rel-

ative switching costs eA = e(n)\(n), which may depend on the market size. Then,

Theorem 1. Consider a sequence of random markets, indexed by n, with n firms and n

workers, for arbitrary relative costs eX = e(n)A(n) > 0. Then,
1. if e =0O(n"'logn), then E[S(n,n)] is polynomially large;
2. otherwise, for eA = w(n~tlogn), E[S¢(n,n)] is super-polynomially large.

This theorem establishes a critical threshold for the relative switching cost, marking a
dramatic shift in the behavior of e-stable matchings. When costs decrease at least as fast
as logn/n as the market size n grows, the expected number of e-stable matchings can be
sizable but still remains within bounds similar to those when costs are absent. Specifically,
this number can exceed e 'nlogn, the approximate expected number of stable matchings
when no costs are present ( , ), yet it remains polynomially large. However, the
scenario shifts drastically when e\ exceeds this threshold—the set of e-stable matchings

explodes, growing faster than any polynomial function of n.

Imbalanced Markets Importantly, our second theorem establishes that the same critical
threshold applies to imbalanced markets, triggering the explosive expansion in the set of e-
stable matchings. Specifically, consider imbalanced markets with n firms and n + k workers,

where k = k(n) > 1 represents various degrees of market imbalance.
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Theorem 2. Consider a sequence of random markets, indexed by n, with n firms and n+k

workers, for arbitrary imbalance k = k(n) > 1 and relative costs eX = e(n)A(n) > 0. Then,
1. if ex=0O(n"'logn), then E[S¢(n,n + k)] is polynomially large, uniformly for all k;

2. otherwise, for e\ = w(n"tlogn), E[S¢(n,n+ k)] is super-polynomially large, uniformly
for all k.

Thus, the critical switching cost threshold remains consistent regardless of the degree of

market imbalance.

Corollary 1. The threshold eX = ©(n~'logn), which separates polynomial from super-
polynomial growth, holds for any imbalance k = k(n) > 0.

In many practical settings, switching costs are substantial, often being largely unrelated
to market size and, in some cases, possibly increasing with it. For example, in marriage
markets, the emotional toll and legal challenges of dissolving a partnership are determined by
individual experiences and law, respectively, rather than market size. Contractual obligations
remain binding across various labor markets ( , ). Additionally,
psychological factors such as guilt or inertia are deeply personal and may persist, while
reputational concerns and social pressures can intensify when more individuals observe and
judge each other’s actions ( : ).

Our results reveal that the core’s explosive expansion occurs even when costs diminish

with the market size.

Corollary 2. Super-polynomial growth holds even for vanishingly small relative costs eX =

e(n)A(n) = o(1), as long as e\ = w(n"*logn).

Thus, the set of stable outcomes can be vast even in imbalanced markets with small costs.
Section ‘| further refines this finding by showing that the multiplicity may be substantial,
involving many agents who experience significantly different outcomes across e-stable match-
ings, even in smaller—not only large—such markets. This abundance of plausible outcomes
brings indeterminacy into imbalanced markets, relative to an idealized, frictionless scenario.

These findings point to a conceptual departure from the traditional view that imbalanced,
or large, markets typically have a small set of stable matchings. Absent costs, even in

minimally imbalanced markets—with n firms and n + 1 workers—the expected number of
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stable matchings becomes substantially smaller compared to balanced markets; ' and only
a negligible fraction of agents have multiple stable partners ( ,

). As the imbalance & = k(n) increases, the set of stable matchings collapses to a
singleton ( , ). This demonstrates the pivotal role that switching costs, even when

small, play in dramatically expanding the set of plausible market outcomes.

Integral Formulas Central to our sharp characterization is the integral-based approach,
elucidated by ( ) and developed by ( ). While previously applied in
classical matching settings, we demonstrate that this approach is also powerful in the novel
realm of e-stable matchings. Despite the absence of structural results for these matchings,
it enables us to derive tractable expressions amenable to formal analysis.

Consider a matching p in which all firms are matched—for instance, the diagonal match-
ing that pairs firms and workers with identical indices. Let P¢(n,n+k) denote the probability
that such a matching pu is e-stable. By symmetry, this probability does not depend on the

specific choice of a matching with all firms matched.

Lemma 2. Consider a random market with n firms and (n + k) workers for arbitrary im-
balance k > 0 and costs ¢ > 0. Then,

Pe(n,n+k) = H(l — e zy5) H (1 — e z)F dxdy.
xyelo,1n I 1€[n]
At an intuitive level, the integrand corresponds to the condition that no e-blocking pairs

exist for the considered diagonal matching.

n+k

M )n! candidate matchings

Using the linearity of expectation and the fact that there are (

for being e-stable, we get

Corollary 3. Consider a random market with n firms and (n + k) workers for arbitrary
imbalance k > 0 and costs € > 0. Then,

n—+k
E[S° k)] = I 1 —e oy, 1 — e “m)" dxdy.
st m= ("t [T e [T0 - e ) axdy
x,y€[0,1]n i#£] l€[n]
In particular, the expectation is a function of the relative switching cost e\ = ¢/ E[Ezp (\)].

This result, generalizing Lemma |, provides the multi-dimensional integral formula that

serves as a stepping stone in our proofs; see details in the next section.

17 Adding just one more worker already reduces the asymptotic expected number of stable matchings by
a sizable factor of log® n, bringing it down to e In/logn ( , ), despite the increase in candidate
matchings for stability from n! to (n + 1)!.
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A notable advantage of our model is its ability to yield a variety of tractable integral
expressions, enabling the exploration of other important facets of matching markets, which
are a focus of our current research. For instance, Lemmas 5—7 in Appendix (' derive formulas
that can be applied to study e-stable matchings from a welfare perspective; see also Section
for additional discussion. =~ This tractability and flexibility establish our model as a valuable

benchmark for investigating the effects of switching costs in matching markets.

3.1 Structure of Proofs

In this section, we sketch the key ideas behind the proofs, deliberately keeping the discussion
less formal to avoid technical difficulties. For more formal and rigorous proofs, we refer the

interested reader to the Appendix.

Transformation of Random Markets To simplify the derivation of integral formulas,
we introduce an equivalent representation of random markets. In this representation, random
match utilities—modeled as exponential random variables—are expressed as log-utilities over

random match values. In essence, if X is uniformly distributed on [0, 1], then

1
P(log§§x> =1—e"

which means that log % follows the exponential distribution with rate 1. More generally,

for random markets with parameter \, we can equivalently work with Ui{ ;= L log —— and
Uy =% log YL Where the random variables {X; ;,Y; ; bicp)jem+k) are ii.d. unlform on [O 1].
Here, X - and 3— can be interpreted as match values, over which utilities are computed.

This transformatlon renders the study of epsilon-stable matchings both tractable and

amenable to formal analysis.

Integral Formula To provide intuition behind the integral formula in Lemma 2, consider
the diagonal matching p, with pu(i) =i for all i € [ ]. Additionally, using the transformation,
fix the utilities of the matched agents as Uf = u =1 log —and U}, = uj;
Then, firm f; e-prefers worker w;, j # ¢, over her partner under p with probability

_11 1
= 1 log —.
A gyj

P UZ-]; > U{’l + 6} =P [Xz',j < G_EA?EZ‘] = G_EAJZZ‘.

18 A list of additional useful integral formulas is available upon request.
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Similarly, non-single worker w; e-prefers firm f; over her partner, firm f;, with probability
e “*y;. Importantly, the corresponding events are independent, given the fixed utilities of
the matched agents.

Building on these ideas, the integral formula has an intuitive structure. The first product
in the integrand corresponds to the probability that no firm f; and non-single worker w;
form an e-blocking pair. The second product represents the probability that no firm f; and
single worker w;, where j > n, form an e-blocking pair. Integrating over all values of z; and
y; yields the desired formula.

This integral formula serves as the foundation of our analysis in Theorem | and

Organization of Proofs The proofs of Theorem | and Theorem 2, while relying on
conceptually similar techniques, differ due to the presence of an additional product in the
integral formula for imbalanced markets. This product, which roughly represents competitive
forces, drastically alters the dominant regions of the integration domain, necessitating careful
examination and distinct treatment in each case.

Methodologically, the proof of each theorem proceeds in two steps. In the first step, we
establish polynomial growth of the expected number of e-stable matchings by providing an
upper bound for this expectation. The second step, which requires a more intricate and
refined analysis, proves super-polynomial growth by deriving a lower bound. To address the
unique challenges for a sharp analysis posed by switching costs—and specifically to establish
results that hold uniformly across all imbalances—we develop technical tools inspired by
recent findings of ( ).

In what follows, we provide rough intuition behind Theorem 2, focusing primarily on the
first step, formally proved as Proposition 3 in the Appendix. This step offers a particularly
effective argument through a connection we uncover to the so-called beta functions, while
still providing a hint of the more general techniques used throughout the analysis. At the end
of this section, we also offer brief, informal intuition behind the substantially more involved

second step, which is proved as Proposition
Polynomial Growth The result for polynomial growth follows from a series of approx-

imations and a connection to the random partition of the interval [0, 1]. For notational

simplicity, let p = exp(—2e)). We start by using the first-order exponential approximation
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based on the inequality 1 — & < exp(—¢):

P¢(n,n+k) < / H/ exp (—pys;) dy | exp (—ky/ps) dx,
1o

xe[o,1n  \J€EM

where s = >, z; and 5; = 5 — ;.
Integrating with respect to y and leveraging the idea that s ~ s;, we establish that
P¢(n,n + k) is at most of order
1—e*

/ F™(sp)e ™VP® dx :/ Fr(sp)e™™P f.(s)ds, with F(2)= ,

0 z

x€[0,1]™

where the resulting integrand is a function of s only, and f,(s) is the probability density of
S0 = S X0

In more refined approximations, additional statistics involving {X;};cp), beyond S,
come into play. We utilize their link to the structure of a random partition of the interval
0, 1]—particularly to apply f,(s) in the above expression—which we briefly discuss below.

sn—l .

(n—1)1»
see, for example, Chapter 1 in ( ). Intuitively, the variables {X;} ;e[ normalized

by &, correspond to the partition {V}} ¢} of the unit interval [0, 1], where V; = X;/S,:

Connection to Random Partition of Unit Interval It is known that f,(s) <

S, [0,1]

X4 Xo T X, normalization Vi Vs T V.
It can be verified that the Jacobian of (1, ..., x,) with respect to (s, vy, ..., v, 1) is "1,
implying that the density of (S,, Vi,...,V,_1) is

fn<87U17 s 7107171) S Snil]l (Zvj S 1> )

j<n

where 1(-) denotes an indicator function. The desired inequality, f,(s) < %, then follows

from the observation that the lengths of the first (n — 1) consecutive intervals in the above
partition have the joint density (n — 1)!-1 (Zj@ v; < 1).
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In our proofs, we employ various properties arising from the link to the random partition

of [0, 1], including the exact expression for f,(s); for further details, see Appendix

Polynomial Growth (Continued) Relying on this connection and the previous approxi-
mations, we derive a tractable and effective upper bound for the expectation E [S¢(n,n + k)]
and establish its polynomial growth by using the properties of beta functions.

To gain intuition behind the appearance and role of the beta function in the argument,
”:k)n' matchings that can potentially be e-stable. The binomial coeffi-
ntk 1

can be expressed as S B where

note that there are (

clent (”:k )

1
B(n,k) = / 21— 2) N de
0

is the beta function. Furthermore, after additional approximations and several technical
steps, omitted for brevity, we find that P¢(n,n + k) is at most of order %B(n, k/\/p).
By collecting all the pieces, we conclude the proof. Specifically, the expected number
E [S°(n,n + k)] is at most of order (nzk) : Bg&’;{]g@ -p~™. The first fraction is O(n), uniformly
for k > 0. Furthermore, the second fraction is at most 1 since B(n,k/\/p) < B(n, k) by the

definition of the beta function. In fact, this fraction—which may be interpreted as reflecting

competitive pressure—can be substantially less than 1; this could further reduce the upper
bound, though such a reduction is not critical in this case. Indeed, as eA = O(n~'logn), the

factor p~™ = exp(2e\n) is only polynomially large, delivering the result.

Comment on Super-Polynomial Growth The result for the uniform explosion in the
number of e-stable matchings is significantly more involved and technical. Even setting
aside approximation intricacies and a real lower bound, it is unclear without further analysis
whether even the above, quite rough, upper bound—when treated as a hypothetical lower
bound—would suffice for the uniform result. While p™ suggests an increase in stable match-
ings, competitive pressure represented by % and dependent on £ could theoretically
collapse the core for large imbalances k. Furthermore, if the lower bound were smaller than
the upper bound by a function of k that grows, however slowly, to infinity, the uniform
result would not be feasible either. To address this, our proof employs substantially more
refined approximations and deeper properties stemming from the connection to the random

partition of the unit interval; see Appendix I3 for details.
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4 Computational Experiments: Integer Programming

In this section, we present simulation results for random markets that complement and refine
our theoretical findings. Towards this end, we establish a link between e-stable matchings
and integer solutions of a specific system of linear inequalities. Leveraging this link, we
illustrate that the set of e-stable matchings already expands dramatically in small markets
with small costs. This multiplicity translates into significantly different outcomes for many
agents. We show that our benchmark model provides a conservative estimate of multiplicity
compared to matching scenarios, where agents find it less easy to differentiate between their

higher-ranked partners. We also discuss additional potential effects of switching costs.

Integer Programming Formulation In what follows, we show that e-stable matchings
can be described as integer solutions of a linear programming problem. Formally, each

matching u can be represented as an incidence vector x € {0, 1}"*™+%) such that

1 if p(i) = j, i.e., f; is matched to wy,
ZIZ'iJ =
0 otherwise.

A vector x € R™ (%) is a matching if and only if it is an integer solution of the following

system of linear inequalities:

me <1 foreach f; € F,

J

sz}j <1 foreach w; € W, (1)
z;; >0 for each (fi,w;) € F x W.

The following lemma characterizes e-stable matchings as integer solutions of a system of

linear inequalities.

Lemma 3. Let x be a matching. Then, x is e-stable if and only if

xi; + Z Tik + Z xr; > 1 for each (fi,w;) € F x W. (2)

kg ul te>ul ki j+e2ufl;

19A possibly non-integer solution z € R"*("+%) of (1) is often called a fractional matching. By Birkhoff’s
theorem, every fractional matching is a convex combination of matchings.
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(n+k)

In particular, a vector x € R™ 1s an e-stable matching if and only if it is an integer

solution of (1) and (2).

This lemma and the e-stable polytope, defined by (1) and (2), generalize those for stable
matchings ( : ). Intuitively, constraints () impose the e-stability condition:
for each pair (f;, w;), either they are matched to each other; or firm f; is matched to some
worker she prefers enough not to switch to w;, given the cost €; or w; is matched to some firm
he prefers enough not to leave for f;. The resulting polytope is guaranteed to be non-empty;,
as stable matchings, which are also e-stable, always exist.

We use this formulation for computational experiments to examine e-stable matchings.

Number of Stable Matchings Figure 2 demonstrates that the set of stable matchings
explodes even in small markets with small costs. We focus on markets with utilities drawn
from the standard exponential distribution Exp (1), with the mean of 1—thereby making
relative costs directly represented by €. We also consider a distribution that corresponds to
scenarios where agents find it less easy to differentiate between their higher-ranked partners,
providing a complementary perspective. Specifically, we examine markets with uniformly
random utilities U]0, 2], maintaining the same mean of 1. Such markets result in utilities
that are more evenly spread, especially for top preferences, and more compressed.

For each market size, nx (n+k), we run 1,000 simulations. While the integer programming
approach enables detailed analysis, it still imposes computational restrictions. Accordingly,
for the exponential case, we focus on markets with n = 34 firms and varying imbalances
k > 0. We explore two levels of costs, ¢ = 0.06 and € = 0.12, selected to lie below and slightly
above the reference threshold, logn/n ~ 0.10.”" For the uniform distribution, constrained
by computational feasibility, we examine smaller markets with n = 24 firms and reduced
costs of € = 0.02 and ¢ = 0.04, which already provide meaningful insights.

Notably, the multiplicity of stable matchings becomes substantial even in these very
small markets with the small costs considered. In the exponential case, the set of e-stable
matchings is large, in contrast to the very limited number observed in a no-cost scenario.
For the uniform case, greater market imbalance can even lead to an expanding set of stable

outcomes—we discuss the nature of this phenomenon and the sources of multiplicity below.

20We show in Example 2 in Appendix 1) that extreme points of the e-stable polytope may be non-integer.
This contrasts with the standard stable polytope, which is always the convex hull of stable matchings

) ’ ) 9 ) )

21Similar qualitative results hold for smaller costs.
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Figure 2: log [Number of e-stable matchings|

Multiplicity Patterns We demonstrate that the substantial multiplicity manifests in
many agents experiencing significantly different outcomes across e-stable matchings.

Figure 3 presents the multiplicity features for our benchmark exponential model. A
significant fraction of firms have multiple e-stable partners across different imbalances, even
sizable ones; see Panel (34). This contrasts with a frictionless scenario, where even minimal
imbalances yield an essentially unique stable matching with a negligible proportion of agents
having multiple partners ( , ). Appendix I illustrates
similar patterns for workers—it further shows that e-stable matchings may involve many
mismatched participants compared to the essentially unique stable matching.

Agents not only have multiple e-stable partners, but these partners can differ significantly.
Panel (3h) shows that the average utility gap for firms with multiple e-stable partners is
substantial, especially compared to the given small costs; the no-cost case is omitted, as only
a negligible fraction of agents have multiple partners.”” For workers, being (un)matched
in one e-stable matching does not guarantee being (un)matched in another, unlike in the
traditional setting where the Rural Hospital Theorem ( , ) ensures a
consistent set of matched agents across all stable matchings. Panel (3¢) highlights significant
utility gaps for consistently matched workers that have multiple e-stable partners. Panel ()
shows that, while many agents remain consistently matched, the fraction of such consistently

matched workers—relative to n—is still below 1. Relatedly, Appendix [ reveals that workers

22The utility gap is defined as the difference between the highest and lowest utility an agent obtains from
their e-stable partners.
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who would be unmatched in the standard setting can often find e-stable partners.

In a certain sense, our benchmark model provides a conservative estimate of multiplicity.
In the uniform case, firms find it harder to differentiate between their higher-ranked workers,
making these workers substantially more replaceable. This limited differentiation leads to
a large fraction of inconsistently (un)matched workers while producing smaller utility gaps
for firms with multiple e-stable partners; see Panels () and (/h) of Figure 1. Worker
replaceability becomes more pronounced with greater imbalances, driving the high proportion
of agents with multiple e-stable partners, as shown in Panel (12). It also contributes to the
growing number of e-stable matchings in Figure 2. Even those “lucky” workers matched in
all e-stable matchings—and having multiple e-stable partners—experience large utility gaps,
as illustrated in Panel (‘c).

We provide additional computational results in Appendix

Additional Impacts of Switching Costs We conclude by mentioning one current di-
rection in our research. Our model allows us to derive integral formulas that can be used to

study e-stable matchings from additional perspectives, including welfare; see Appendix

nxn+1),n=<40

E[matched workers' average rank]

6_
4_
o
S$
2 o
[¢
2 4 6 8 10

E[firms' average rank]

Figure 5: Firms’ and matched workers’ average ranks in the e-stable matching that
minimizes the matched workers’ average rank

Figure O suggests that, with switching costs, the average welfare of firms and matched
workers may be nuanced. Without switching costs, even minimal imbalances not only cause

the core to collapse but also significantly benefit the short side of the market (

23For traditional stability, the theoretical study of certain aspects, such as the multiplicity of stable part-
ners, generally relies on its well-defined lattice structure and related properties, including rotations (
, ) and rejection chains in ( )’s algorithm. No analogous structure
has yet been identified for e-stable matchings.
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, ). Specifically, even in markets with n firms and n + 1 workers,
the firms’ average rank of their paired workers is log n(1+ o(1)), while the matched workers’
average rank of their paired firms is @(1 +0(1)).” Suppose the costs are given by €(n) =
n~'logn - w(n), where w(n) is of order n'/2, so that €(n) = o(1).”” Figure 5 indicates that

even such small costs may potentially lead to significant welfare gains for matched workers.

5 Conclusions

This paper studies the impacts of switching costs on outcomes in matching markets. We
introduce a new notion of stability specifically tailored to account for switching costs and
examine its implications. Switching costs lead to an abundance of stable matchings, even
in large imbalanced markets, and even when these costs are very small. We provide a sharp
characterization of the threshold switching cost that triggers an explosion in the number of
stable matchings. These findings suggest that switching costs may serve as a valuable tool
in market design, offering significant leverage for policy interventions. Our framework can
be used to study further effects of switching costs, across a variety of matching environments

that have been traditionally investigated only through the lens of classical stability.

24For firm f;, the rank of worker wj in f;’s preferences is the number of workers that are at least as good
as w;. Smaller ranks correspond to better partners, and f;’s most preferred worker has rank 1. For workers,
the rank of firm f; in w;’s preferences is defined symmetrically.

ZFormally, w(n) = n'/2/6, where the normalization ensures that costs are small within the considered
region of market sizes. Similar patterns emerge for other w(n). As in the previous exercises, we simulate
1,000 markets per market size, with utilities drawn from the standard exponential distribution.

26The figure further suggests that, for e-stable matchings, the product of the average ranks for firms and
matched workers may be close to n. This resembles the “law of hyperbola” established for traditional stable
matchings in balanced markets ( , ).
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Appendix A. Proof of Lemma 2 and Theorem

In this section, we prove Lemma 2 and Theorem | stated in Section

Transformation of Random Markets A random market with i.i.d. Exp (\) match util-
ities can be equivalently represented as one where all agents have log-utilities over match
values, with these match values drawn ii.d. from an inverse uniform distribution. For-
mally, we can consider Ui’fj = ilogﬁj and U} = 1 log YL], where {X;;, Y} iem]jemtn are
2n(n+k) i.i.d. random variables uniformly distributed on [0, 1]. This transformation is valid
because if U [0,1] is uniform on [0, 1], then § log ﬁ ~ Exp (A). We employ this equivalent
representation to prove Lemma 2 and derive additional integral formulas in Appendix (',

with their asymptotic analysis being an active part of our ongoing research.

Proof of Lemma 2. Consider first the balanced market with & = 0. By symmetry, it
suffices to evaluate P¢(n,n), the probability that the diagonal matching p is e-stable. Con-

ditioned on X;; = z; and Y; ; = y;, the n(n — 1) events

Bi; = {Ui{j > szz te Uy > U+ E}

11 1 >11 1 n 11 1 >11 1+ £
=q~<lo ~log— +¢€ <lo ~log — +¢€ i
A ng’,j A ng‘,z' T A gY;,j A gY;J .

are independent, and denoting the conditioning in question by |o), we have
B(Bjjlo) = B (Xij < ™%y, Yij < e7%yy) = e Py,

Therefore,

P(n,n) = / H (1 =P(B;;lo)) dxdy = / H GA:zciyj) dxdy.

x,y€[0,1]" 7 x,y€[0,1]" 7

For k > 0, introduce events B, j, i € [n], j € [n+ 1,n + k], defined as follows:

1 1 1 1
[ prf _
B;; = {Ui,j > Ui + E} N {Xlog X ~ Xlog Xii * 6} ‘

These events are conditionally independent on each other and on B, , i,j € [n], and
B(Blo) = e Py, je[n+1,n+k]
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Therefore, the probability that g matching diagonally the first n firms and the first n

workers is e-stable is given by

P(n,n+k)= / H(l — e 2 2y5) H(l — e Ax)k dxdy.

xyeloan 7 teln]

n+k
n

Proof of Corollary 3. There are ( )n! matchings that can potentially be e-stable. Each
such matching is e-stable with the same probability, P¢(n,n + k). By the linearity of expec-

tation, E [S(n,n+ k)] = ("T*)n!- P¢(n,n + k), as desired. 1

In the remainder of this appendix, we use the integral formula derived in Corollary
to prove Theorem | in two steps. Specifically, Proposition | establishes the first part of
the theorem by deriving an upper bound for E [S¢(n,n)]. Proposition 2, in turn, proves
the second part of the theorem by deriving a lower bound for this expected number. In
the course of our asymptotic analysis in the proof of Theorem |, as well as in the proof of
Theorem 2 from Appendix I3, we use several results on the properties of a random partition
of the interval [0, 1], which are stated below.

Preliminaries Let Xi,..., X, be independent random variables each distributed uni-

formly on [0, 1]. Denote

so that V; € [0,1] and Zje[n] V; =1. Let f,(s,v1,...,v,-1) denote the density of (S,, V1, ... V,_1).
It is straightforward to verify that the Jacobian of (z1, ..., x,) with respect to (s, v1,...,Up_1)

is s"~! implying that over the relevant support region

. 1

fu(s,01,. . v0p_1) =s"11 (Zvj <1 and Maxv; < ;) ; (3)
<n

where v, =1—3".

Furthermore, it is known that the joint density g,(vq,...,v,_1) of (L1,..., L, 1)—the

v; and 1(-) is an indicator function.

lengths of the first (n — 1) consecutive intervals obtained by selecting (n — 1) points indepen-

dently and uniformly at random in [0, 1]—follows a Dirichlet distribution with parameters
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(1,1,...,1) and has the form (n—1)!-1 (Z
—_—

n—1 times

( ) for additional details.
Therefore, by integrating (3) over (vy,...,v,-1), we obtain the density f,(s) of S,:

ien Vi < 1); for instance, see Chapter 1 in

S

(o) = e (maxry < 1) ()

(n—1)! j€ln] s

In addition, by dropping the constraint max;<, v; < % in (1), we get

fn(savla s 7Un—1) S

] 'gn(vlw--avn—l)a (5)

where g, (v1,...,v,_1) is the previously defined density of (L1, ..., L, 1).
In our proofs, we use the connection to the random partition of [0,1], as well as the
asymptotic properties of

LY =maxL; and T, = Z L3,

JEN]

J€[n]
which are stated in the lemma below.
Lemma 4. In probability,
+
lim 1—" =1 and lim nT, =2.
n—oo N~ log n n—o00

Remark. The proof of this lemma is based on the classic result that {L; : j € [n]} has the
same distribution as {Wj / Zie[n] W;:je [n]}, where W1, ..., W, are independent exponen-
tials with parameter 1; see ( ) for further references and the proof of Lemma
Proposition 1. If eA = O (n"'logn), then E[S¢(n,n)] is polynomially large.
Proof. As shown before, E [S¢(n,n)] = n!P¢(n,n), where
P¢(n,n) = / H(l — pr;y;) dxdy and p = exp(—2el).
x,y€[0,1]™ #J

We prove the desired result by analyzing an upper bound for P¢(n,n).
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Introduce s = 37,z and s; = 3, ;. Since 1 — § < exp(—¢), we have

1
P¢(n,n) < H exp (—pys;) dy | dx.

xefan \debl 7
Integrating with respect to y € [0, 1], we obtain

1—e77

z

P¢(n,n) < H F(sjp)dx, where F(z)=

x€[0,1]n J€M]

To simplify the above estimate, note that for z > 0,

1 1

0> (log F(2)) =

)

e—1 =z

which is asymptotic to —% as z — oo, and converges to —% as z | 0. In fact, it can be readily
shown that 0 < sup,.o(z + 1) |(log F(z))/| < 2, so that we have

2
log F(2))] < .
(log F(2))| < ——

Therefore, since s; = s — z;,
log F'(s;p) = log F'(sp) — / (log F(2p)). dz < log F(sp) + / e dz
pz

< log F(sp) + /8 2 d
og F(s ————dz

= log P pp(s —IL‘j) 1

2]91)]'

2
<log F(sp) + <log F(sp) + =
s

(s —zj)p+1

Thus, by the definition of s,
H F(s;p) < e*F"(sp).

JE[n]
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Next, by changing variables and applying equation (1),

n—1

P¢(n,n) < / e2F"(sp) dx < 62/ F"(sp) ds

0 (n—1)!
x€[0,1]™

262/” 1—esP\" st ds:/n e2p (1—e_sp)nd8
0 sp (n—1)! o (mn—1)! s '

We fix s(n) = lofp” and break the last integral into two parts, [, for s < s(n) and [, for

s > s(n). In what follows, we provide upper bounds for these two integrals.

Integral 1. Note that

/1 - ﬁ /OPS(n) exp(@n () dn.

where @, (1) = nlog(l —e™") — logn.
It is straightforward to verify that ®,,(n) is increasing and concave on [0, ps(n)] for suffi-

ciently large n. Indeed, since enT’l is increasing for n > 0,

o= 5 r = (12 5)

en—1 n er—1 nn
ps(n) _
> (1= = 1-0n""?)>0
en—1 nps(n) en—1
if n is sufficiently large, where the last equality follows from ps(n) = logn. Similarly, since

/2_g=n/2 . . .
¢=¢ " is increasing for n > 0,

q’”(ﬁ) = — i 4 i _ n 1_ (677/2 — e_”/2)2
n (677/2 — 6*77/2)2 7]2 (6”/2 . e*”/2)2 n772

n (evs(m) — e—ps(n>)2
< — 1-
T (en? — ) n(ps(n))?

n _
— NP5 (1 —O(log 2n)) <0

for sufficiently large n.
As a result, by using the tangent line inequality ®,(n) < @, (ps(n))+P., (ps(n))(n—ps(n))
for n € [0, ps(n)], we obtain
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A L) " a7 /
[= S [ e man < S [T o @ st} - (o) d
62 p—n 6'iII'n(]os(n))
~ (n =11 (ps(n))

To sum up, the contribution of n! [, to E[S¢(n,n)] is

—-n —ps(n)\n s(n s(n -1
n!/<n! e2p™ (1 — e Py epsn) _ ] 1_619()_1
1 - (n=1t ps(n) n nps(n)

= O(p~"n'"?) = exp (O(log n))

since p = e72* and e\ = O(n"!logn).

Integral 2. We now turn attention to the second integral

n 2,.—n 1 — e—sP)n
/:/ °p '( ) ds,
2 s(n) (n_ 1) S

which can be bounded as follows:

2,.—Nn n 1 2..—n
/S&/ Las <SP jogn.
5 (n—1)! s(n) S (n—1)!

Consequently, the contribution of n! [, to E[S“(n,n)] is

n! /2 = O (np " logn) = exp(O(logn))

because p = e 2* and e\ = O(n"logn). n

Proposition 2. If e\ = w(n'logn), i.e., eX > n~llogn, then E[S¢(n,n)| is super-
polynomially large.

Proof. Since E[S¢(n,n)] is increasing in €\, and e\ = w(n~'logn), it is sufficient to focus
only on p = e 2% =1 — o(1) in our calculations below.

Define the following variables:

SEE T, sjzg T; =8 — xj, tEE z?,  and tjzg x?:t—$§.

i€[n] i#] i€[n] i#]

31



Restrict attention to the set D of all non-negative x = (1,2, ..., x,) such that

n n
<s
logn - log(nsi(n)) — logn log(nsa(n))’
1
sy, < snsnln) o (6)
n

s < i,

n

where s1(n) > sa(n), with sy(n) — 0o as n — oo, are to be defined later. (The two bottom
inequalities are essentially dictated by the connection between the fractions s~'z; and the
lengths L; of random sub-intervals of [0, 1], as well as by Lemma .) According to the first

two conditions, we have

< SM = (logn)

-1

for sufficiently large n, so that D C [0, 1]*. Consequently, for such large n,
P¢(n) > P*(n) E/ (/ H (1 — pxy; dyj> dx.
j€ln] 0 i#£]

Since 1 — a = exp(—a — a?(1 + O(«))/2) as a — 0, for each fixed j, we have

14+ 0 ((logn)~!
I -pz) =exp< PY;s; — P°Y5t ((2 ) ))
i€[n],i#j
2y y
>e p( —DpY; )
y?t
pyJS — .
Therefore,
1 2p2y2t n
(/ [T = payy) dyj> > </ exp (—pys— ; ) dy)
J€[n] O i)

([ (o Y )
> (ps)™" (/Op exp (—n - 27772) dn)n
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since ¢/s? < 3 for x € D.
By noting that f[f *e7"dn = 1—e P* and employing Jensen’s inequality for the exponential

function, we can bound
-n

ps 2 2 ps ) 2
/ exp (—n - i) dn=(1- 6"’3)/ exp (—i) : e—, dn
0 n 0 n l1—e

2 bs
> (1 — e_PS) exp (—%:ps/ 6_77772 d?])
- 0

- e exp <_% el <ps>2/2>> |

Since
e —(Ltps+(ps)?/2) _
ers — 1 -

2

ps 2
/ exp (—77 - i) dn > (1 —eP)e 4/,
0 n

we obtain

Consequently,
1 — n
af1—ePs
11 (/ H<1—P$iyj)dyj) > <—S> 7
jeln] \70 izj b
implying that
e -4 —n L —e?s "
P(n)>e"p — ) dx
xeD S

We then switch to new variables (u,vq,vs, ..., v,_1) defined as follows:

UEZI’Z':S and v =stwy, i€ n—1].
i€[n]

We also define v,, = sz, =1 — Y icin—1) Vi- The conditions in (0) then become

log n - log(ns1(n)) sus logn - log(nss(n))’
v < M’ i € [n], (7)

Slws

T
i€[n]
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Importantly, for these new variables, the resulting region is the direct product of the range

of u and the range of v. By using equation (), we then get

N edp ™ [ [TEntatinem (1 — e P¥)"
Pe > & —d
(n) = (n—1)! /n u ’

log n-log(nsy(n))

x]p([j;rgw and Tn§§>,
n n
where L} = max;ep, L; and T, = ), e
the right-hand side tends to one as n — oo.

Choose s1(n) = o(logn) and sa(n) = # Then,

} L?. By Lemma /!, the probability of the event on

n u
log n-log(nsqi(n))

Tog n-Tog(mag (M) 1 i = log (log(nsl(n))>
log(nsy(n))

is asymptotic to 1125721 Furthermore, since p = 1 — o(1), for the considered range of u, we
have
pn n
u > > ,
P = logn - log(nsi(n)) — 2(logn)?
so that

(1— e Pu)n = (1 —exp (—m»n —1—o(1).

To conclude,

and thus

5 —4 fnl 2
E[S¢(n,n)] > n! P<(n) > L& L 082

logn (1—o0(1)) = exp(w(logn))

since p = e 2* and e = w(n"tlogn). B
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Appendix B. Proof of Theorem

In this section, we prove Theorem 2 presented in Section 3. Proposition : establishes the
first part of the theorem by deriving an upper bound for E[S¢(n, n + k)], while Proposition

handles the second part by deriving a lower bound for this expectation.

Proposition 3. If e\ = O(n~tlogn), then E[S(n,n + k)] is polynomially large, uniformly
for all k> 1.

Proof. As demonstrated in Corollary 3, E[S¢(n,n + k)] = (”Zk)n' - P¢(n,n + k), where

P¢(n,n+k) = / H(l — pT;Y;) H(l — /pr)Fdxdy and p = exp(—2e)).

We prove the desired result by analyzing an upper bound for P¢(n,n + k).
Since 1 — & < exp(—¢§), we get

P(n,n+k) < / H/ exp (—pys;) dy | exp (—k+/ps) dx,
1Jo

x€[0,1]" Jjeln

where

szg z; and sjzg T =5 —T;.
1€[n]

i#]
By integrating with respect to y € [0, 1], we obtain

1—e7

z

P¢(n,n+k) < H F(s;p) | exp (—ky/ps) dx, where F(z)=

x€[0,1] JEN]

As in the proof of Proposition |,

H F(s;p) < *F"(sp).

J€n]

Therefore, by changing variables and using equation (1), we get
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n—1

P(n,n+k) < / 2 F™(sp)e MVPs dx < 62/ F(sp)e Fvps ds

S
0 (n—1)!
x€[0,1]™
o] —S n n—1 2,.—n [oe]
= 62/ Lo ™ e~kvps_2 ds = —L / 1(1 — e P)re VP g
0 sp (n—1)! m—=1!J), s
e2p™m /‘X’ 1 kn
= — —(1—e™M"exp (——) dn
(n=1)"Jo n VD
62pfn /oo < kn)
< — l—e M lexp | ——= dn
CED S b

e2 p—n 1 & e2 p—n
= 1— 2\l = B
(n— 1)!/0 (L= er e = gy Bl b/ ve)

where B(ay, as) = [, 2171 (1—2)"! dz is the beta function, also known as the Euler integral
of the first kind.

The beta function is closely related to the gamma function:

['(ay)T o
B(ay,az) = (@1) (a2)’ where I'(a) = / 2 le* dz,
0

F(CLl -+ CLQ)

which is known as the Fuler integral of the second kind. Furthermore, the beta function is

also connected to the binomial coefficients

nlk!  nk T(n)['(k)  nk B(n,k)

n

<n+k>_(n+k)! n+kTn+k) n+k 1

By using these connections, we obtain the following bound:

E[S“(n,n + k)] = (nj;k>n' - P(n,n+k)
n+k 1 e2p™m
s B Do kVP)

2(71—}—]{3) _nB(n,k/\/]_?)
kU T Bk

2 (n+ k)p—" = exp(O(logn))

=€

<
> € L

because p = e 2 and e\ = O(n"!logn). 1
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Proposition 4. If eA = w(n~'logn), i.e., eX > n~tlogn, then E[S¢(n,n + k)| is super-
polynomially large, uniformly for all k > 1.

Proof. Since the expected value E[S¢(n,n + k)] increases with e\, and eA = w(n~!logn), it
suffices to focus on p = e72* =1 — o(1) for the remainder of the proof.
Consistent with the previous analysis, we define the following variables:
s = in, 55 Ein:s—xj, t= me, and t; EZx?:t—xi.
i€[n] i#j i€n] i#£]

We restrict our attention to the set D of all non-negative © = (x1, x9, ..., x,) such that

s1(n) < s < sy(n),

2logn
-1 < .
sa < —=—=, i€[n], (8)

3
n

s < =,
where s5(n) > s1(n) will be defined later. (As before, the two lower inequalities are guided
by the connection between the fractions s~'z; and the lengths L; of random sub-intervals of

0, 1], as well as by Lemma 1.) According to the first two conditions, we have

< S210gn - 2s9(n)logn _

T > On.

n n
In what follows, we choose sg(n) such that o, — 0 (to be verified later). Thus, for

sufficiently large n, we have z; < o, < 1 and D C [0, 1]". Consequently, for such large n,

11 (/01 [T = piyy) dyj>

JEMN] i#j

X H(l — \/ﬁ%l)k dx.

l€[n]

P{(n,n+k) > P(n,n+k)= /

eD

Since 1 — a = exp(—a — a?(1 4+ O(«))/2) as a — 0, for each fixed j, we have

1+O(an)>

[T @ -pziy;) =exp (—pyjsj —Pyt——y

iclnl,i#j

2p2yj2~t)

> exp (—pyjs T3
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By proceeding as in the proof of Proposition 2, and using ¢/s* < 3/n, we can bound
1 — n
af1—eP
11 (/ 11t = paiy)) dyj) >e! <—S> :
jem) \70 i b

Furthermore,

[T0 - vi) e

exp (—k\/ﬁs — kpt 5

l€[n]
2kps® t
> exp (—k\/]_js _ ZhPs —2>
S
2kps?
zeXp(—k\/ﬁs— ps )

Based on the previous calculations, we have

1 —ePs\" 2 2
e 4 (_e > exp (—k‘\/]_)s — kps ) dx.
€D

ps n

P(n,n+k) > /

X

We then switch to new variables (u,vq,vs, ..., v,_1) defined as follows:

uszi:s and v, =s"la;, i€ n—1].
Additionally, we define v, = s7tx, =1 — Y icin—1) Vi- The conditions in (%) then become

s1(n) <u < sy(n),

b < 2log(n)

, 1€ n], (9)

n

Sl

j—
vf <
1€[n]

Notably, for these new variables, the resulting region is the direct product of the range of u

and the range of v. By using equation (3), we obtain

De 6_4 p—n s2(1) —pu\n eXP (_@)
P (n,n + k) > m /;Mm (1 — € ) exXp (—k\/]_)u) . #du

n n

« P (L: < 2o g 7 < §) ,
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where L} = max;cp, L; and T,, = Zie[n} L?. By Lemma /, the probability of the event on

the right-hand side tends to one as n — oco. Thus, it remains to examine

* s2(n) eXp <H(u) — @)
/ = / du, where

1(n) u
H(u) =nlog(l —e ™) — ky/pu,

for appropriately chosen s;2(n).

The derivative of H(u) is given by

H'(u) = —L— — k\/p,

e —1
log(n+k/\/§)
implying that the function H(u) attains its maximum at s(n) = %. In addition,
2 pu 2
" ____npe _ np _n
H ('LL) - (epu _ 1)2 - (epu/2 _ e—pu/2)2 2 u2’

since the inequality e¢/? — e¢/2 > £ holds for £ > 0.

We anticipate that the dominant contribution to the integral [ * is obtained when we set

s12(n) = s(n)(1F d(n))

for some 6(n) — 0. (Hence, 0,, = w — 0 for n — o0, as required.) For the considered

interval, u € [s1(n), sa(n)], we have H"(u) > —% = —O(n/s*(n)).

Note that
k | <n + k/\/fo)

H(s(n)):nlog(—n_i_k/\/l_))—% og NG

can be expressed as

n z
H =J(k ith J(z) =nl 1 .

(s(m)) = J (k/y/3)  with J(z) = nlog —"— + zlog ——
Furthermore, J'(2) = log .= and J"(z) = “nmy > 0. By using the tangent line inequality
J(z) > J(k) + J'(k)(z — k) for z = k/\/p, we get

n k 1—p n+k
H >nl k1 — k1
(s(n)) = nlog ———-+ klog ——— PERY L
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Thus, by expanding H (u) around its maximum u = s(n)

H//
2(5) (u— s(n))?, where ¢ is between u and s(n),

H(u) = H(s(n)) +

we can conclude that f *is at least of order

d(n)s(n)
exp(H(s(n)) — 3hps*(m)/n) A 0
e M/S(n) exp (—220(n/s*(n)) d-.

By choosing §(n) — 0 such that §(n)\/n — oo, the last integral equals

(n)s(n)

s(n)vn
2 2 s(n -o(n?) s(n)
exp (—2“0(n/s"(n dz:—/ e\ dnz@(— :
( (n/s(m) Vi smyvm vn
—4(n)s(n)
Therefore, the integral [ " is at least of order
exp(H (s(n)) — 3kps*(n)/n) n"k*
O(vn) ~ (n+ k)R e(yn)
1—p n+k 5 >
X exp | — klo — 3kps~(n)/n | .
p (57 los " — 3kl

Hence, P¢(n,n + k) is at least of order

p—n n”kk 1 — P n+ k )
(= D1+ Ry (‘p T s ks ).

Using

s+ 0] 2 (")t P ana (MHF) co (G EHE,

we obtain that E[S(n,n + k)] is at least of order

exp | nlog(1 — klo — 3kps“(n)/n | .
p( g(1/p) P b & ps~(n)/
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In this last expression, by the definition of s(n), we have

kps?(n)fn = — - 28 ULE D)

NG T

In addition,

Elogn—i—k _ log(1 + )
n k x

<1 and log(l/p)>1—p.

r=

=3

To sum up, E[S¢(n,n + k)] is at least of order

exp (n (loat1/p) - = jﬁ) +00/VP) = exp (n1 il 0115

= exp(w(logn))
since p = 72 el = 0(1), and e\ = w(n~tlogn). 1

Remark. We can employ even tighter arguments to derive sharper bounds. By refining
our analysis, it appears feasible to obtain an asymptotic expression for the expectation
E[S¢(n,n + k)], particularly when eA = o(1); this represents one direction of our current
research. To provide a glimpse of what such an expression might look like, without delving
into technical details, note that the integral [ ¥ as defined in the proof of Proposition /, can

also be written as

/* = eXp(_i]Z]gZZ(n)/n) /:2 z%_l(l —2z)"dz, where z19= (—n f/ﬁ\/ﬁ)lﬂ(n) :

The last integral closely resembles the beta function B(n + 1,k/,/p) and, in fact, may be

well-approximated by this expression for appropriately chosen §(n) — 0. This makes the
lower bound conceptually closer to the upper bound examined in the proof of Proposition 3,

also reducing the gap between the two. Further analysis could narrow this gap even more.
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Appendix C. Additional Integral Formulas

A notable advantage of our model is its ability to yield a variety of tractable integral formulas
for key statistics of interest. These formulas appear particularly amenable to further exam-
ination, including asymptotic analysis. As an example, in this section, we derive integral
formulas that allow the study of the average rank of workers, or firms, as ranked by their
respective partners. The asymptotic properties of these and other related statistics are key
areas of our current focus.

For simplicity of exposition, consider first the balanced market with £k = 0. Using the
transformation of random markets introduced in Appendix /A, we consider Uijj ;= %log XLJ
and U = ilog YLJ, where {X;;,Y; }ijem are 2n? i.i.d. random variables uniformly dis-

tributed on [0, 1]. Focus on the diagonal matching p and let
TR(p) = ”+Z H] <n:U/;> Ulfl}’
i=1

N 1 1 1 1
{jgnleog > — log }‘

— Xij A T X
:n—i-ZHan Xi,j<Xi,i}|
=1

denote the total rank of workers as ranked by firms, which counts the number of workers
whom firms find as good as their respective partners under p. (Remark. Alternatively, we
could count workers whom firms e-prefer to their partners.)
Define
Pf(n,n) = P(u is e-stable and TR(u) = a), a € [n,n?,

as the probability that the diagonal matching p is e-stable and that the total rank of workers
under p is equal to a. By symmetry, the same probability applies to any complete matching,

not necessarily the diagonal one.
Lemma 5. Consider a random market with n firms and n workers for arbitrary costs e > 0.
Then,

Pi(n,n) = / [a®™"] H (1—ai(l—a+ e *y;a)) dxdy,

x,y€[0,1]" 7

where [a®" "] denotes the coefficient of a*~™. In particular, this probability is a function of
the relative switching cost eX = €/ E[Exp (\)].
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Naturally, by dropping [a® "] and setting « = 1, we obtain the integral formula for

P¢(n,n), derived in Lemma

Proof of Lemma 5. We first determine P¢(p|o), the conditional probability of the desired
event {y is e-stable and TR(u) = a} given X, = z; and Y;; = y;, where i,j € [n]. Using

generating functions, we can rewrite this as
PS(plo) = [a*™"] E[1(p is e-stable) alFW=" o],

We evaluate this expression by using the following “marking” procedure. Fix a € (0,1). Scan
all pairs (7,7) € [n]* and, whenever ilogﬁ > %Ing% (ie., X;; < X;; = ;) holds, mark
the pair (i, 7) with probability «, independently of all other pairs.
Then,
E[1(p is e-stable) T W= |o] = P(B|o),

where B denotes the event that p is e-stable and all pairs (¢,7) with X;,;, < X;;, = z; are
marked. Note that
B == ﬂ Bi,ja

i#£j
with

Biyj :{Xi7j > ZL‘Z} U

1
{X@j < Z;, —lOg

1 1
3 < X logx—i +e¢, (i,7) is marked} U

X

1 1 1 1 1 1 1 1
{Xlog X, > XIOg:c_i + €, XlogY < —log—j +e, (i,7) s marked}.

ihj

>~

That is,

Bi,j :{XLj > ZEZ} U
{e’e)‘xi < Xij <y (i,7) s marked} U

(Xi; < ey, Yiy > e Py, (i,7) is marked}.

The events B; ;, i # j, are conditionally independent.
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Furthermore,

P(B;jlo) = (1 — x;) + x;(1 — e’e)‘)a + e’e’\xi(l - e’e’\yj)a

[N [N —2eA

=1—z;+r,0— e “raot+e oo —e A

=1-2;(1 — a+ e *y;a).

By collecting all the pieces and integrating over x,y € [0,1]", we obtain the desired

integral formula. g

Lemma © provides integral formulas for general markets; its proof is more involved and
omitted for brevity. Specifically, P¢(n,n+ k) denotes the probability that a matching—with
all firms matched—is stable and the firms’ total rank of their paired workers is a. Similarly,
Pf(n,n + k) represents the probability that a matching is stable and the matched workers’
total rank of their paired firms is b. Finally, P;b(n, n+ k) is the probability that a matching

is stable, where the firms’ total rank is ¢ and the matched workers’ total rank is b.

Lemma 6. Consider a random market with n firms and (n + k) workers for arbitrary im-
balance k > 0 and costs € > 0. Then,

Pi(n,n+k) = / [a®™"] H (1—2(1 — a+e>y;a)) H (1+2((1 — e Ma — 1))* dxdy,

x,y€[0,1]” i#£] lE[n]
Pf(n,n+k) = / BT (= w1 = B+ ePaip)) [[ (1 — e Pa)* dxdy,  and
x,y€[0,1]n i#J l€[n]
Pey(n,n+k) = / B T (14 zila — 1) + 458 = 1) + z;(1 — o = B+ (1 = e *M)ap))
x,y€[0,1]™ i#J
X H(l + (1 — e=Ma — 1))* dxdy.
le[n]

Lemma 7 is an analogue of Lemma © but relies on modified ranks. For each matched agent,
a modified rank counts the number of agents from the other market side whom the agent
e-prefers over their current partner—plus one to include their current partner in this count
by convention. In comparison, a standard rank for each matched agent counts the number of
agents whom the agent views as at least as good as their current partner. Let PS(n,n + k),
Ps(n,n + k), and Pg ,(n,n + k) denote the counterparts of Ps(n,n + k), Ps(n,n + k), and
Py, (n,n + k), respectively, under this modified ranking approach.
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Lemma 7. Consider a random market with n firms and (n + k) workers for arbitrary im-
balance k > 0 and costs € > 0. Then,

Pi(n,n+k) = / [a®™"] H (1—e (1 —a+e Pya)) H (1 — e x)k dxdy,

x,yel0,1]" #J l€[n]
Pt = [ L= u -5+ e a9) TL0 - e dxdy,  ond
x.ye[0,1]n 7 le[n]
Ptk = [ s [+ et = 1)+ e (0 - 1)+ e a1 - a - 9)
x,y€[0,1]" i#]
X H * dxdy.
le[n]

Appendix D. Proof of Lemma 3 and Non-Integrality

In this section, we prove the results stated in Section <. We first provide the proof of
Lemma 3. Then, Example 2 presents a matching market where a non-integer point of
the e-stable polytope cannot be expressed as a linear combination of e-stable matchings,

demonstrating that the polytope is not integral.

Proof of Lemma 3. Note that the condition (2)

T+ Z Tig + Z xy,; > 1 for each (fi,w;) € F x W,

kj:ul re>ul ) ki te2ul;
is violated if and only if, for some (f;,w;) € F x W, the following three equalities hold:

z;; =0 <= f; and w; are not matched,

f

Z z;x, =0 <= f;is single or matched to wy, with ul R € <u;j,

k#j: u{,k—i-eZu{j

Z rr; =0 <= wj is single or matched to fi, with u;/; +€ <w;.

ki uk +62u”

These conditions, in turn, hold if and only if the pair (f;, w;) is an e-blocking pair. B
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Example 2. Consider the following market with three firms and three workers:

wy W2 w3
fif6,1 56 46
fal 6,6 10,5 2.5
f3\6,5 54 4.4

It is straightforward to verify that, for switching costs e = 3, the vector

1/2 0 1/2
=10 1/2 1/2
1/2 1/2 0

belongs to the e-stable polytope; namely, it satisfies (1) and (2).

Furthermore, this vector x is uniquely decomposed into (integer) matchings:

1 1
a::§y+§z,
where
0 01 100
y=10 1 0 and z=10 0 1
100 010

Nonetheless, in this unique decomposition, matching z is not e-stable. Indeed, firm f,
and worker w; form an e-blocking pair. Thus, there has to be a non-integer extreme point,

implying that the e-stable polytope is not integral. A

Appendix E. Additional Figures

In this section, we present additional computational results that complement those in Sec-
tion 4, illustrating how switching costs impact variability in matching outcomes and can
provide welfare gains to matched workers.

Figure ¢ is the worker counterpart to Panels (32) and (1) in the main text and dis-
plays the proportion of workers that have different partners across e-stable matchings. In
contrast to a frictionless scenario, even with small switching costs, many workers have mul-

tiple partners—this accounts for workers who are matched in one e-stable matching but

27This example is inspired by Example 2 in ( ).
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unmatched in another, with being unmatched treated as a distinct partner.
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Figure 6: Proportion of workers with multiple partners

Figure 7 is similar to Figure 0 but focuses exclusively on workers who are consistently

matched across all e-stable matchings. As shown, a sizable fraction of these consistently
matched workers have multiple partners—reinforcing the insights from Panels (3¢) and (/¢)

in the main text, which demonstrate that these partners can be substantially different.

) 34 % (34 +K) ) 24 % (24 +Kk)
3 --F-' no costs 3 --F- no costs
i’ .8 cost £€=0.06 § 8 cost £=0.02
o coste=0.12 o cost e=0.04
_“E’ 6% 2.6
o ‘l s 3
= b 2
T4 B4
R < \
g | g0
g o] 1 E 2] %
B . ks .
2 e & | T
20 S ; T e =
=) 5 10 15 = 2 4 6 8 10 12
- K = K
(a) Exponential (b) Uniform

Figure 7: Proportion of always matched workers with multiple partners
Figures & and Y show that e-stable matchings can involve a sizable proportion of mis-
matched agents compared to an almost unique stable matching in a scenario with no switch-
ing costs. As a benchmark for this almost unique stable matching, we focus on the stable
matching produced by the firm-proposing Deferred Acceptance (F-DA) algorithm (

, ). These figures display the maximal proportions of firms and workers, respec-

tively, that have different partners in some e-stable matching compared to the benchmark,
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almost unique stable matching.
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Figure 8: Maximal proportion of firms with different partners compared to those in the
F-DA outcome
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Figure 9: Maximal proportion of workers with different partners compared to those in the
F-DA outcome

Figure 10 complements Panels (3) and (), showing the proportion of workers who can

be matched in some e-stable matching among workers who would remain (consistently) un-
matched in the absence of switching costs. Naturally, this proportion is zero in a frictionless
scenario, where the Rural Hospital Theorem guarantees a consistent set of matched agents
across all stable matchings. Nonetheless, as can be seen, these proportions may be sizable

even with small switching costs, especially when workers are more replaceable.

28 Additionally, Figure 5, along with Panels (3:) and (12) in the main text, provides bounds on the maximal
proportion of firms that have different partners across two e-stable matchings. Similarly, Figures

and
offer analogous bounds for workers.
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Figure 10: Excess fraction of potentially matched workers

Figure |1 shows that even small switching costs can lead to significant average welfare
gains—particularly compared to the costs—for matched workers. Switching costs create
room for selecting which workers get matched and determining how they are matched, re-
sulting in considerably higher utilities for matched workers compared to a scenario without
costs. The selection channel is especially relevant for the uniform distribution, where workers

are more replaceable, and this replaceability becomes more relevant with greater imbalances.
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Figure 11: Maximal average utility of matched workers
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